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MORSE FUNCTIONS FOR WHICH THE STATIONARY PHASE APPROXIMATION IS EXACT
LET A NONDEGENERATE Morse function be given by f: X + W with isolated critical points and distinct critical values on a compact n-dimensional manifold X, with a given volume form dm.
The method of stationary phase gives one an approximation to the integral j e"/dm when t is large in terms of the values offand its derivatives at the critical points. In faa for each critical point x there is a power series where the a,, j are real constants depending on the values offand its derivatives at x, with the following property. If A,, f (t ) denotes the value at r > 0 of the kth partial sum of A, and i.(x) denotes the index off at x then the sum eif/(x) e(n-Zi(xllni/4 A,,,([) approximates 1 eitfdm to order (n/2) + k in t-' as t + c/3. For the precise values of the x constants a,. j see [5, 7.7 .5-J.
Let the stationary phase approximation be called exact if the power series A= converge for all critical points x and all sufficiently large t > 0 and the numbers A=(t) to which they converge satisfy
The purpose of this note is to show that this can only happen for very special Morse functions. The exactness of the stationary phase approximation has been of interest recently because ofa result of Duistermaat and Heckman (see [3] and also Cl]). They have shown that if X is a compact symplectic manifold with symplectic form CO and iffis a component of a momentum map for a compact Lie group action on X then the stationary phase approximation for J eirf w"/n! is exact. Indeed the asymptotic expansion terminates after the first term and gives X the value of J eirfdm for all t # 0.
Since X is compact, by differentiating under the integral sign one sees that the function g: C -+ @ defined by
Assume that for some to > 0 the power series A, converge for all real t > to. Hence they converge absolutely for all complex t such that It 1 > to, and thus give holomorphic functions in the annulus defined by ItI > to. Therefore the function
is also holomorphic there. By assumption,
g(t) = (2x/t )"I2 a(t) when t is real and t > to.
Suppose that a(t) does not vanish identically. Since non-zero holomorphic functions on C have isolated zeros and satisfy the principle of analytic continuation, it follows that t"'* extends to a single-valued meromorphic function oft in the annulus, so that n is even, and moreover g(t) = (2x/t )"I2 a(t) whenever It 1 > to.
Note that g(t)
is the complex conjugate of g(-t) for all real t. Hence for all real t > r. (2n/t )ni2 a(t) is the complex conjugate of ( -271/t )"I2 a ( -t ) ; that is,
for all real t with Irl > to. Of course this is also true if a(t) vanishes identically. Since each A, is a power series in (it)-' with real coefficients,
&t-t) = &tt)
for all real t such that It 1 > to. Therefore by (1) is exact for some 4 which does not vanish at any critical point off, then every critical point has even index and f is a perfect Morse function. This is equivalent to saying that the volume form dm may be replaced by any n-form on X which does not vanish at the critical points off.
(2) The proof that if the stationary phase approximation forfis exact then every index is even generalises immediately to the case when f is a non-degenerate Morse function in the sense of [2] . Then the set of critical points is a finite disjoint union of connected orientable submanifolds of X: let these be C,, . . ., C,,. The method of stationary phase gives an asymptotic expansion for j eitf dm of the form with the standard metric, and letfand 4 be the restrictions of x2 and x + y respectively. Thenf is not a perfect Morse function but J be""dm is zero for all t, and hence must equal its asymptotic expansion.
x It is unclear whether counter-examples exist with 4 positive and the dimension of X even and at least 4.
